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Abstract
We formulate the Landau problem in the context of the noncommutative
analog of a surface of constant negative curvature, that is AdS2 surface, and
obtain the spectrum and contrast the same with the Landau levels one finds
in the case of the commutative AdS2 space.
I. INTRODUCTION
Noncommutative spaces have been of current interest with various motivations, in partic-
ular they arise in the framework of M-theory and in interesting settings of string and branes
[1], [2], [3] (the bibliography is so vast that we do not attempt comprehensive referencing).
A sector of the study of the physics in noncommutative spaces concerns the exploration
of the consequences for the quantum mechanics of one particle [4], [5], [6].
The physics in the noncommutative spaces is closely related to the problem of a charged
particle moving on a surface with constant magnetic eld giving rise to Landau Levels.
permanent address
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Hence it is interesting to study Landau Levels by comparing the settings of commutative
and noncommutative spaces. This research has been carried out for the case of the plane
[6], [7], [8], the sphere [6], the torus [9].
In this paper we consider the Landau Levels problem in the case of a surface of negative
constant curvature, that is AdS2. The commutative case has been studied in various papers,
[10], [11], and also been extended to cover the case of the higher genus Riemann surfaces,
which can be realized by a tessellation of AdS2 [12], [13]. We may note in passing that, as
higher genus Riemann surfaces appear as building blocks of higher orders in string pertur-
bation theory, this provides a further link between AdS spaces and string theory, besides
the celebrated relation with conformal eld theories.
We rst of all recall in Section II the results on the commutative AdS surface, by making
an explicit derivation, using appropriate complex coordinates and giving the resulting eigen-
functions, eigenvalues and their (innite) multiplicity. We may also recall that for higher
genus Riemann surfaces one gets the same spectrum but with a nite multiplicity dictated
by the Riemann-Roch theorem [13].
Then we give the algebraic formulation of the same problem, by expressing the Hamil-
tonian in terms of the generators of SO(2, 1) and representing AdS2 as an embedding of a
surface in the flat (2 + 1)-dimensional Minkowski space.
This will allow us to properly dene the analogous problem in the noncommutative
setting, Section IIIA. The commutation relations among the Minkowski space coordinates
are taken to be the ones of the SO(2, 1), and the appropriate Casimir is xed in order
to dene the embedding in this case, similarly to the construction for the noncommutative
sphere done in ref [6]. The resulting setting is described by two commuting SO(2, 1) algebrae.
We have not attempted the construction of noncommutative higher genus Riemann surfaces.
The next issue concerns how to dene the constant magnetic eld. Here we have studied
two options. In the rst one, we x the two Casimirs of the two commuting SO(2, 1)
algebrae, similarly to what was done in ref [6] for the sphere. In the second one, we adopt a
dierent option and keep xed one observable among a complete set of mutually commuting
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ones. This observable is formally identical to the magnetic eld dened in the commutative
case.
By using representation theory we obtain the spectrum in both options, Section IIIB
and Section IIIC respectively.
Finally in Section IV we summarize the results and make a comparison with the results
for the commutative surface.
II. LANDAU LEVELS IN ADS2
We consider a constant magnetic eld on AdS2, that is a magnetic eld proportional to
the curvature. We can describe AdS2 by using complex coordinates z, z in the upper half






The relevant covariant derivatives are
r = ∂ + B
z − z
r = ∂ + B
z − z (2.2)
and
[r, r] = B/(2y2) (2.3)
We take the Hamiltonian as
H = −2gzz¯(r r+ rr)− B2
= −4gzz¯r r+ B(1− B)
= −4gzz¯ rr− B(1 + B) (2.4)
Notice that, by taking into account the appropriate measure, the operators −gzz¯r r and
−gzz¯ rr are both semipositive denite, and therefore
H  jBj(1− jBj) (2.5)
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We take B to be integer or half odd integer, and we assume B > 0, since the case B < 0
is obtained by interchanging z and z.
Consider the eigenvalue problem
HΨ = EΨ
The lowest eigenstate, i.e. E = B(1− B), is obtained as a solution of rΨ0 = 0.
By dening ~Ψ0 = g
B/2
zz¯ Ψ0 we see that this means ∂ ~Ψ0 = 0. This state is not unique. The
dierent states can be labeled by the eigenvales of a commuting (with H) operator, which
we will in the following identify with a generator of SO(2, 1):
J3 = − i
2
((1 + z2)∂ + (1 + z2)∂ + (z − z)B) (2.6)










corresponding to the eigenvalues J3 = B + n, with n any nonnegative integer.
The discrete part of the spectrum, which we will call Landau Levels, comprises the
eigenvalues
Ej = j(1− j) (2.8)
with j = B− l up to the maximal l = B− 1, each having a degeneracy corresponding to
the eigenvalues J3 = (B − l) + n, with n any nonnegative integer.
The corresponding wavefunctions are
Ψ
(n)
l = (∂ − (B/2− 1)∂lngzz¯)  (∂ − (B/2− 2)∂lngzz¯) 
   (∂ − (B/2− l)∂lngzz¯) (i + z)2lΨ(n)0 (2.9)
Besides the above discrete levels, there is a continuum spectrum with nonnegative values
for E.
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The above results can be cast in an algebric form, by making use of the invariance group
of AdS2, that is SO(2, 1). The AdS2 manifold is conveniently described by embedding it in
flat Minkowski manifold with coordinates x1, x2, x3 with the constraint:
x  x = x21 + x22 − x23 = −1 (2.10)
where we have dened V W  V1W1 + V2W2 − V3W3 for two vectors V and W .
The SO(2, 1) generators J1, J2, J3 satisfy the commutation relations:
[J1, J2] = −iJ3 [J2, J3] = iJ1 [J3, J1] = iJ2 (2.11)
[J1, x2] = −ix3 [J2, x3] = ix1 [J3, x1] = ix2 (2.12)
We are considering here the standard commuting operators for x, therefore
[xl, xn] = 0 (2.13)




z − z x2 = i
1− zz
z − z x3 = i
1 + zz
z − z (2.14)
and
J1 = i(z∂ + z ∂)
J3,2 = − i
2
((1 z2)∂ + (1 z2)∂ B(z − z)) (2.15)
We can verify that x  J = −B and that H = J  J , therefore eq.(2.5) tells us that
J  J + B(B − 1)  0.
It is well known [14] that the unitary representations of SO(2,1) are of two kinds: the
discrete ones Dj , in which J  J = j(1− j) and J3 = (j, j + 1, .., j + n, ...) with j positive
integer or half integer and n nonnegative integer, and the continuum ones Cj in which J  J
is real positive.
Therefore we nd that the Landau Levels we have obtained correspond to D+j with
j  B.
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III. LANDAU LEVELS IN THE NONCOMMUTATIVE ADS2
A. Definition of the problem
In order to dene the noncommutative AdS2 we introduce a set of noncommuting coor-
dinates Rj with the SO(2, 1) algebra as relevant noncommuting rules:
[R1, R2] = −iR3 [R2, R3] = iR1 [R3, R1] = iR2 (3.1)
[J1, R2] = −iR3 [J2, R3] = iR1 [J3, R1] = iR2 (3.2)
where the Ji are the SO(2, 1) generators satisfying the algebra eq.(2.11).
Now, instead of requiring x21 + x
2
2 − x23 = −a2 (see eq.(2.10) where we had a2 = 1),
which describes AdS2 in the commutative case, we require a xed negative value for the
Casimir R  R  R21 + R22 − R23. We know from the SO(2, 1) representation theory [14]
that such a negative Casimir is of the form R  R = r(1 − r) where the possible r are
in the sequence 1/2, 1, 3/2, 2, .... We get therefore a discrete representation. Of the two
discrete representations (Dr distinguished by positive or negative R3) we choose D
+
r , and
then R3 = r, r + 1, ....
In the following we will not bother to be very precise between integers and half odd
integer values in the eigenvalues for the various discrete representation, noting that both
representations may be allowed and should be examined in any specic case.
We still maintain the Hamiltonian to be:
H = J  J  J21 + J22 − J23 (3.3)
as it is formally in the commutative case.
We note that the system is described by two mutually commuting SO(2, 1) algebrae,
Ki = Ji −Ri and Ri.
In the commutative case we xed B = −x  J and studied the spectrum with this
additional constraint. Now we must analogously decide what to x to represent the constant
magnetic eld.
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1) We may follow the philosophy of Nair and Polychronakos ref. [6] and x the value
of the two Casimirs. Since R  R is xed by denition, this amounts to parametrize the
magnetic eld by the choice of K K.
2) Alternatively we we may stick to the choice similar to the one in the commutative
case, and use the commuting set of observables J  J, K K, R R, J3 to keep xed
K K − J  J = R R− 2R  J
Let us explore the resulting spectrum for both the choices.
B. Case 1
If K  K > 0, since Ji = Ki + Ri the resulting spectrum of the Hamiltonian is ob-
tained from the SO(2, 1) representation theory recalled in Sect.II and from the relevant
decomposition (see ref. [15] for a useful summary on combining SO(2, 1) representations)






Therefore we have a continuum nonnegative part of the spectrum Cj and an unbounded
discrete spectrum D+j with J  J = j(1− j) with j = r, r + 1, ... up to innity; therefore the
Hamiltonian is unbounded from below.
If K  K < 0 we have to keep the two cases, corresponding to the representations D−k
and D+k .







 depending on whether r > k or r < k. Thus we get a nonnegative continuum spectrum
Cj as well as a nite discrete set of Landau Levels, D

j .






giving thus again an unbounded negative discrete spectrum, and therefore the Hamiltonian
is unbounded from below.
C. Case 2
Here we do not choose a particular value for KK and therefore the spectrum is composed
of various parts, which must be consistent with the magnetic constraint
K K − J  J = N (3.7)
We take N to be a positive or negative integer. There are still several possibilities in the
parameter space.
2a) Let us rst assume N > 0. We can have both K K < 0 and K K > 0.
We begin by considering K K = −k(k− 1) < 0, therefore we can have D+k and D−k . In
this case J J cannot be positive due to eq.(3.7), therefore here we get a part of the discrete
spectrum J  J = j(1− j) with j integer or half odd integer. Thus the magnetic constraint
implies that
(j − 1/2)2 − (k − 1/2)2 = N > 0 (3.8)
By taking D+k and using the decomposition eq.(3.6), we get D
+
j with j  k + r.
The allowed values of j correspond to the integer divisors nl of N . We nd
jl = (N/nl + nl + 1)/2
kl = (jN/nl − nlj+ 1)/2 (3.9)
We notice that that it is enough to consider the set of divisors nl 
p
N . Since j  k+ r
we get that this is only possible if
p
N  r, that is
D+k =)
p
N  r (3.10)
The admissible values for j are
p
N +1/2  j  (N/r+ r+1)/2 (remember that the energy
eigenvalues are H = j(1 − j), therefore the maximal value of j corresponds to the lowest
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level). The number of Landau Levels of this part of the spectrum is less (and very often
much less) than
p
N , whereas j >
p
N .
We can also have D−k . We use the decomposition eq.(3.5). The continuum Cj cannot
be realized because it would contradict the magnetic constraint eq.(3.7), thus the only
possibilities are Dj . We further note that if k > r then k − r > j which contradicts the
magnetic constraint eq.(3.8). We can thus only consider r > k and from the decomposition
(3.5) we get D+j with r − k  j. We still have the same expression for jl and kl as given in
eq.(3.9) (we need to only consider nl 
p
N) but now r− k  j implies that this part of the
spectrum is only possible if
p
N  r, that is
D−k =)
p
N  r (3.11)
The allowed values of j are in this case
p
N + 1/2  j  (N + 2)/2.
Finally there is a further part of the spectrum arising from taking the continuum series
Ck for K  K > 0. From the D+j part of the relevant decomposition eq.(3.4) we obtain
a discrete and bounded part of the spectrum (j − 1/2)2 = N + 1/4 − K2 (of course the
possible values of k2 must be such to get the r.h.s equal to the square of an integer or half
odd integer). Therefore we nd here J  J = −j(j − 1) with all the values of j from 1(1/2)
up to the (half-)integer part of
p
N .
In conclusion the whole discrete spectrum is composed of eigenvalues H = −j(j − 1)
with j ranging from 1(1/2) up to N/2+1 (or N/r+r+1)/2 if
p
N  r), but only the upper
part of the spectrum (that is j less than the integer part of
p
N) is similar to the Landau
Levels of the commutative AdS2 in that the allowed j values are spaced by one unit. The
levels in the lower part are much sparser.
Besides the discrete spectrum we also have a postive continuum spectrum J J = j2 > 0.
The constraint j2 = k2−N can indeed be always satised since k2 is a free parameter (here
k and j are real positive numbers).
2b) Let us consider now the option
K K − J  J = −N < 0 (3.12)
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always taking N integer. Also here can have both K  K < 0 and K  K > 0. In this
case we cannot have D+k because this would imply j  r + k contradicting the requirement
(k − 1/2)2 − (j − 1/2)2 = N . Therefore we consider D−k (K K < 0) and Ck (K K > 0).
In the discrete case, D−k , we require that
(k − 1/2)2 − (j − 1/2)2 = N > 0 (3.13)
Like before the allowed values of j correspond to the integer divisors nl of N , with the
result
jl = (jN/nl − nlj+ 1)/2
kl = (N/nl + nl + 1)/2 (3.14)
(again, it is enough to consider the set of divisors nl 
p
N). If k  r, from the
decomposition eq.(3.5) we get D−j with k − r  j and from eq.(3.14) this is only possible if
p
N  r, that is
k  r =)
p
N  r (3.15)
The allowed values of j are in this case 1/2  j  (N/r − r + 1)/2.
If k  r, from the decomposition eq.(3.5) we get D+j with r  k + j and therefore from
eq.(3.14) this is only possible if
p
N  r, that is
k  r =)
p
N  r (3.16)
The allowed values of j are in this case 1/2  j  (r −N/r + 1)/2.
A nal part of the spectrum arises from Ck with K  K = k2 > 0, continuum. The
relevant decomposition is eq.(3.4). We see that we cannot have a discrete spectrum because
the constraint (3.13) would require k2+j(j−1) < 0 which is impossible. We get a continuum
spectrum Cj giving JJ = j2 > 0 (here k and j are real positive numbers) with the constraint
j2 = k2 + N > N .
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IV. DISCUSSION AND SUMMARY
Let us now study more closely the spectrum we have obtained for the noncommutative
AdS2, and see how far the level may compare with the ones in the commutative AdS2.
In every case the energy eigenvalues have an innite degeneracy as in the commutative
case, labeled by the discrete eigenvalues of J3, which can be integer or half odd integer,
positive (with a lower bound) for D+j or negative (with an upper bound) for D
−
j or both
(without bounds) for Cj .
In the Case 1 we already observed that by xing the two Casimirs one gets a Hamiltonian
which is unbounded from below. In order to get a bounded Hamiltonian one should require
more, and insist on a specic representation, namely D−k which occurs only for K K < 0.
With this further specication, by calling B = jr− kj, one gets the same spectrum as in the
commutative AdS2.
In the Case 2 we always get a Hamiltonian properly bounded from below, the spectrum
consisting of a discrete part and a continuum. In the discrete case H = −j(j − 1) whereas
in the continuum H > 0.
We can consider several possible values in the parameter space. Since we want to compare
with the commutative case we imagine that r is large. We remind that in Case 2 we keep
xed K K − J  J = R R− 2R  J . Since R R = −r(r− 1) the quantum number r may
be thought to represent the curvature of the noncommutative AdS2, and thus it is natural
to dene the magnetic eld B by putting R  J = −rB.
In the Case 2a we assumed N  −r(r − 1) + 2rB > 0, therefore B > 0. This is only
possible if, for large r, B is large enough: B > (r − 1)/2.
If N  r, implying B  (2r − 1)/2, we nd that the lowest level corresponds to the
maximal value j = (N/r + r + 1)/2 = B + 1. As we have observed, in general the low lying
levels are sparse because they corresponds to the divisors of N . They are isolated points on
the curve j(x) = (N/x+x+1)/2 for x  r. We examine the shape of the curve for x = r+k
with k << r, and we nd j(k) = B + 1− 12(N/r2 − 1)k, that is a linear dependence as for
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the commutative case, but coecient of k is = 1 only for N = 3r2.
If N  r, implying r − 1/2 > B > (r − 1)/2, the lowest level is given by the expression
j = rB− r(r− 1)/2+1, and the shape of the curve for the low lying levels is far from being
linear.
The upper part of the discrete spectrum, j  pN , is similar to the Landau levels of the
commutative case, with j spaced by unit interval.
In the Case 2b we assumed N  r(r− 1)− 2rB > 0, and thus B can be kept nite even
when r is large.
If N  r2, implying B0  −B  1/2, we nd that the lowest level corresponds to j = B0.
The curve of the low lying levels is now j(x) = (N/x − x + 1)/2 for x  r. For x = r + k
with k << r, and also B0 << r, we get j(k) = B0− k, similar as in the commutative AdS2.
If N  r2 this implies −1/2  B  (r− 1)/2. We nd that the lowest level corresponds
to j = 1 +B. The curve of the low lying levels is still j(x) = (N/x− x+ 1)/2 but x  N/r.
For x = N/r + k with k << r, and also jBj << r, we get j(k) = (1 + B)− k.
Therefore the two regions for B, that is B  −1/2 and B  −1/2, give a curve for the
low lying levels that can be summarized as j = jBj − k as in the commutative AdS2.
We note that for B integer or half odd integer , we get values for j which are very near
to integers or half odd integer for large r. If they are not strictly (half-)integers (which can
rarely happen) they are not allowed by representation theory. However one could wonder
that it may be possible that a hypothetical \physical" Hamiltonian, very near to J  J for
large r, would allow some such states.
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